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Axisymmetrical rotation of a sand heap
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This work is a phenomenological attempt to predict the dynamical response of a sand heap due to ro
tation about its vertical axis. We have attempted experiments and we developed a model in order to de
scribe the effect of the rotation on the pile's surface from a dimensionless force balance equation using
Coulomb's law. We obtained good agreement between the experimental patterns and the theory, de
pending on the material through the solid friction angle, and we gave a plausible mechanism for the way
in which the history of the pile is determined by dynamical (Froude number) and material (friction
coefficient) parameters.

PACS number(s): 47.50.+d, 46.l0.+z, 46.30.-i

Coulomb's law. Comparison of experimental and
theoretical results are shown in Sec. IV. Finally, in Sec.
V we present final remarks and conclusions.

II. EXPERIMENTS

In order to observe and characterize the surface pat
terns during rotation, we did experiments with sand and
obtained the free surface profiles for different motion
states. Figure 1 shows a schematic frontal view of the ex
perimental setup. Due to 3D visualization difficulties of
surfaces in circular cylinders, we used thin rectangular
bins with the following dimensions: 30 cm length (R = 15
cm), 0.4 cm width, and 30 cm height. We employed
granular material composed of Ottawa sand with a mean
grain size between 0.03 and 0.06 cm, mean value of solid
friction angle ¢Jc = 31 0

, and friction coefficient JL = tan¢Jc

= O. 53. The experiments were recorded using a video
camera with 500 frames per second and the experimental
results were obtained with a high-resolution TV monitor.

The bins were filled with granular material up to
H = 14 cm height and rotated on the z axis (parallel to
the gravity vector) while slowly changing the angular ve-

I. INTRODUCTION

The study of granular media has received much atten
tion in the literature in the past few years, due to its relat
ed intriguing phenomena, such as dilatance [1], arching
[2], segregation [3-5], and fluidlike behavior [6,7] which
give origin to peculiar effects not occurring in other ag
gregation states such as liquids and solids [8 - 10]. These
latter phenomena make difficult any theoretical descrip
tion valid over a wide range of parameters. Even with an
ideal granular cohesionless medium made up of mono
disperse rigid grains, the analysis presents such complexi
ty that attempts to describe its dynamical regimes are of
limited success [9].

This paper deals with the free surface deformation of
dry, noncohesive granular material during an axisymme
trical vertical rotation (parallel to gravity force). This
phenomenon is interesting because the dynamical
response of these materials composed of dense collections
of solid grains are not well understood. In order to study
this problem, we attempted a theoretical approach using
a force balance equation that includes Coulomb's law and
compared both the theoretical and experimental results,
showing a good agreement between them. Experiments
were made with granular material such as Ottawa sand,
made up of round grains that are more or less uniformly
sized. Though our experiments were made using
nearly two-dimensional (2D) bins, they showed interest
ing properties that deviate from those found in Newtoni
an fluids. We obtained multivalued steady-state solutions
in terms of the material parameter JL (the friction
coefficient) and the Froude number, Fr [11-13], to be
defined later. These solutions showed strong differences
in comparison with a liquid. In particular, the analysis
gives different steady-state solutions (hysteresis) for a
given value of the Froude number if we reach it slowly
coming up or going down. In Sec. II we describe the
two-dimensional experimental setup and results. In Sec.
III we present the theoretical analysis based on
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FIG. 1. Geometry of the system.
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Here, ze corresponds to the value of z at r == re. For the
subcritical region O~r <re we obtain z=zo=HIR. The
maximum slope of the free surface can be obtained in the
limit of a very large Froude number from Eq. (6), result
ing in

(6)

(4)

(5)a=r+H(r-rc )(I-r) ,

where H(;) represents the Heaviside function. Equation
(4) with a== 1 can be integrated through the critical re
gion re ~ r ~ 1 giving

_ _ -l _ _l±1£ [1 + fL Frr ]
z(r) ze- (r r e ) 2 In 1+ F '

J.L J.L Fr J.L rre

Ll- dz _ Frr-fLatanu--- .
dr 1+ J.La Frr

Assuming we slowly increase the Froude number from
zero, there is a critical value of the Froude number
Fr+ == J.L below which the surface does not show any de
formation. The superscript plus sign in the Froude num
ber indicates that the motion state results for increasing
Fr. As the Froude number increases, the critical state is
obtained automatically (a == 1) for r ~ J.L IFr+ due to the
centrifugal force. However, this critical state diffuses to
wards the center and can be achieved also in regions
r e ~ r ~,uIFr+ due to microavalanches occurring in or
der to replace the granular material removed outwards in
the critical region due to the centrifugal force. This pro
cess of replacing material is gradual if the Froude number
is varied slowly and the preferred state for the sand is al
ways critical, that is a == 1, for r > re. The value of r e can
be obtained by using the overall mass conservation, to be
introduced later in this section. In the noncritical region
o~ r < re , the surface remains with the initial shape,
which in this case is horizontal, with a value of the fric
tion parameter a == r. Therefore, the value of a jumps
from r e to 1 at r=re and can be given in the whole range
as

p[0,2r cos8-g sin8]=p[!l2r sin8+g cos8],ua , (3)

where 0 corresponds to the angle related to the horizon
tal of the free surface. The value of a can be - 1~ a ~ 1,
depending on the direction of the friction force, the
Froude number, and the history of how we reached this
value together with the initial conditions. Rearranging
terms, scaling the coordinates (z and r) with the radius R
of a cylindrical or rectangular container (as in the previ
ous experiments), and introducing the Froude number Fr
defined in the preceding section, we obtain from Eq. (2) a
dimensionless differential equation for the surface slope
as

lem of rotation of cohesionless granular piles in con
tainers.

The criterion that supports the use of Eq. (2) is the con
tinuum point of view of granular media. In this case we
can formulate a balance of forces equation for a small ele
ment of volume with density p at the free surface of the
granular pile. Using cylindrical coordinates, this equa
tion can be written as

(2)

III. THEORETICAL ANALYSIS

A common mechanical state of a cohesionless granular
material is called the quasistatic regime, where low shear
rates and high concentrations dominate. An example of
this is a sand pile whose free surface forms a plane with a
constant slope with the horizontal: this one is subject to
shear stress (T) and normal stress (N) that tends to move
the surface's pile in accordance with Coulomb's law [14]
established two centuries ago:

This formula expresses that the slope does not change if
the shear stress is less than the product of the normal
stress and the friction coefficient J.L. When the yield con
dition (equality) is reached, that is, a == ± 1, the pile's sur
face yields, and a granular flow occurs [15]. This situa
tion is called the critical state in soil mechanics [16]. Re
lation (2) has been used in studying the stability of slopes
[15-20], but it also can be used here to explain the prob-

locities 0, taking care not to introduce additional forces.
The angular velocity was varied from 0 up to 52.78 S-1.

The resulting Froude number Fr, relating the centrifugal
to gravity forces, is defined as

n,2R
Fr==-- , (1)

g

where g is the magnitude of gravity acceleration. There
fore, in the experiments we use a Froude number such as
0< Fr < 43. Three-dimensional effects were not observed
in the thin bins (there was not any important kind of de
formation in the azimuthal cp direction), and therefore the
heaps can be treated as two dimensional. The width of
the bin related to the particle size is about ten, excluding
any effect of the sidewalls. We found several interesting
patterns as we increased the Froude number, starting
from zero: A first pattern, which conserves the initial
free surface, occurs between 0 < Fr < 1.36. As the Froude
number is increased further, the free surface changes,
generating a peak at the center. This peak finally van
ishes as the Froude number reaches a value of approxi
mately Fr~26.14. This shape is maintained for larger
Froude numbers with increasing slopes.

Another pattern can be obtained when we slowly
reduce the Froude number from the maximum value
reached, Fr~43. In this case, the surface shapes are
clearly different than those obtained when we increased
the Froude number. The final state is reached when
Fr == 0, showing the free surface profiles represented by
two symmetrical straight lines to an angle of 31 0 with
respect to the horizontal. All shapes obtained are repro
ducible, showing a hysteresis behavior. For a given value
of the Froude number we obtained different shapes de
pending on whether we arrive at this number coming up
or going down. Otherwise, when the rotation device was
not well fixed, vibrations appeared at large Froude num
bers and a hole or crater was formed on the heap. With
care, we can avoid this unwanted phenomenon. In Sec.
IV, we present some experimental results which we com
pare with the theory developed in Sec. III.
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In the limit Fr:;'ax~ 00, Eq. (10) can be reduced to give re

as a function of the actual Froude number

(9)

(10)

(11)

Fr:;'axr e - J.L

1+ J.L Fr:;'axrc '

r = I-J.1/
c 2J.L Fr-

Figure 3 shows. the value of r c as a function of Fr- for
different values of Fr:;'ax. For r > r c ' the profile is the
same as that obtained with the maximum Froude num
ber. For r < rc the surface equation can be obtained from
Eq. (4) with a= -1, resulting in

giving a quadratic equation for r e • For finite values of
Fr:;'ax' we obtain two values of re for a given value of Fr-.
Criticality is reached automatically in the region
reI < r < re2. However, the central core achieves also the
critical state due to microavalanches from the critical re
gion. Therefore, the critical region goes from r = 0 to
r=rc ==rc2. From Eq. (9) we can obtain the Froude num
ber as a function of re as

_ Fr:;'axrc( 1-J.L2) -2J.L
Fr == + 2 2 •

2Frmaxrc,u+rc(I-J.L )

Fr+, Fr~ax, we decrease the Froude number slowly,
reaching again the zero Froude number. In this case,
there exist two different regions. The critical conditions
now occur at the center of the bin, diffusing outward as
the Froude number Fr- decreases. This critical state is
reached by microavalanches produced because the centri
fugal force is unable to support the grains at the surface.
In the now subcritical region r > rc' the slope of the sur
face does not change from the value obtained for the
maximum Froude number. In the critical region, the
slope of the surface can be obtained from Eq. (4), but
with a value of a= -1. The position of rc can be ob
tained by equating the slopes from Eq. (4) as follows:

Overall mass conservation of granular material assuming
an incompressible medium can be written as

J1
[z(r)-zo]dr=0. (7)

rc

Introducing Eq. (6) into Eq. (7), we obtain

_ 1 2
I-(zc- zo)(l-rc )+ 2J.L (l-rc )

1+,u2
2+ 3 [( 1+ Fr+,u )In( 1+ Fr+,u )

Fr J.L

-( 1+ Fr+,urc )In( 1+ Fr+J.Lrc )

-Fr+,u(I-rc )]=O. (8)

Equation (8) gives a relationship of the form

I(zc,rc,Fr+ )=0 .

For a Froude number such as ,u ::s Fr+ < Frt, there exists
an unperturbed subcritical region, resulting in Zc =zo,
with rc(Fr+) deduced from Eq. (8). There is a critical
value of the Froude number Frt that makes the whole
region critical, that is, rc = 0, generating a peak at the
center with slopes equal to -J.L. This critical value is ob
tained from Eq. (8) resulting in a transcendental equation
of the form I(zo,O,Frt )=0. An asymptotic relationship
gives Frt,......, 3J.L, for J.L~O. In our case we obtain
Frt = 1.7918 for J.L=O. 53. Increasing further the Froude
number, the value of Zc and the height of the peak de
creases, the latter vanishing in the limit Fr+~ 00. In the
limiting case of Fr+~ 00, Zc reaches a minimum value of
Zcmin = Zo - 1/(2J.L), and the surface is represented by the
straight lines with a slope of J.L -I. The surface profiles
show a minimum at r=rm =,u/Fr+ >rc. Practically, the
peak disappears as rm becomes of the order of magnitude
of the nondimensional particle size, that is, Fr+
=O(j-LR /d), where d corresponds to the particle diame
ter. Figure 2 shows the height of the pile's center Zc as a
function of the Froude number.

On the other hand, after reaching a maximum value of
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FIG. 2. Critical region height for increasing Froude num

bers.
FIG. 3 Critical region radius as a function of the actual

Froude number Fr- for different values of Fr~ax.
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FIG. 5. Free surface profiles obtained from the analysis
(lines) and from experiments (symbols) as the Froude number
decreases, for Fr- = 0, 4, and 26.14.IV. COMPARISON BETWEEN THEORY

AND EXPERIMENTS

where Zc can be obtained in the same form as before, us
ing the overall mass conservation. Therefore, for the
same Froude number reached from both sides, we obtain
in this case two different surface equations (i.e., same as
found experimentally). In general, there will be an
infinite number of possibilities, depending on the history,
of how we arrived at that given Froude number, showing
the nonlinear character of the problem.

From Eq. (4) we recover also the Newtonian fluid
behavior in the case of J..L==O and Fr=¥=O, the solution of
which can be given in dimensionless form as

Fr 2
z-zo==Tr

0.5

On the basis of the analysis, we can show some shapes
of the surface of piles resulting from rotation. Assuming
we start the motion from rest with an initial flat horizon
tal surface, we obtain a peak at the center with decreas
ing height as the Froude number increases. Figure 4
shows two-dimensional projections of surfaces generated
by slowly increasing Fr+. The lines show the theoretical
results while the symbols represent the experimental
data. We took a value of ,u==O. 53 (cPc =31°) in order to
compare the theory with the experiments made with Ot
tawa sand. The values of the chosen Froude number
were Fr+ ==4.0, where a clear central peak is noted,
Fr+ ==26.14, and Fr+ ==Fr;:;ax=42. 57.

On the other hand, if we decrease the Froude number
from Fr:;ax =42.57, we obtain another type of solution
for the surface equation. Figure 5 shows the'solutions for
Fr- =26.16, Fr- =4.0, and finally, for Fr- ==0, where we
obtain the final state for the surface with a constant slope
,u( cPc== 31°). In all cases presented here, there is good
qualitative agreement between theory and experiment,
which confirms that the present model describes correctly
the phenomenology of the experiment. The experimental
values of the surface profiles are found to be slightly
below the theoretical ones. This is due to the packing of
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the grains not considered in the analysis.
We should comment that the friction angle actually

does not have a unique value. It fluctuates within a small
range [21], which in our experiments was cPc±B, where
8 __ }0. For each Froude number, the experimental results
deviate a few percent (less than 2%) in the surface shape
profiles.

V. REMARKS AND CONCLUSIONS

The problem of the rotation of granular material on
the vertical axis, in general, is a very complex
phenomenon because it takes into account not only the
gravitational as well as the centrifugal forces but also the
history of the motion through the friction force. Howev
er, the history or memory effect disappears for continu
ously slowly increasing or decreasing rotation, as the
grain achieves the critical state everywhere. In this case,
from a continuum point of view, this problem can be un
derstood and a simple analysis can describe correctly the
motional behavior. Even in the case of slowly changing
Froude number, the system shows hysteresis, indicating
the existence of multiple steady-state solutions. In the
more general case of reaching a given value of the Froude
number through any arbitrary way (rapid step type
changes), it is possible to obtain any number of steady
state solutions. Hysteresis in avalanche processes is relat
ed to the changes in the slope near the maximum angle
and the frictional and packing factors inside the piles. In
the problem described in this work the hysteresis
behavior is related to these factors but additionally is
most related to the initial and boundary conditions.

ACKNOWLEDGMENTS

FIG. 4. Free surface profiles obtained from the analysis
(lines) and from experiments (symbols) as the Froude number
increases, for Fr+ =4,26.14, and 42.57.

-0.6 -0.2
r

0.2 0.6 1.0 We would like to acknowledge support from the Cen
tro de Instrumentos and Departamento de Formaci6n de
Profesores, DAZ. One of us (A.M.) also acknowledges
Mr. E. Garcia-Sanchez and Professor R. Peralta-Fabi for
their valuable observations.



51 AXISYMMETRICAL ROTATION OF A SAND HEAP 4625

[1] G. Y. Onoda and E. G. Liniger, Phys. Rev. Lett. 64, 2727
(1990).

[2] S. F. Edwards and R. B. S. Oakeshott, Physica D 38, 88
(1989).

[3] R. Jullien, P. Meakin, and A. Pavlovitch, Phys. Rev. Lett.
69, 640 (1992).

[4] S. Das Gupta, D. V. Kharkhar, and S. K. Bhatia, Chern.
Eng. Sci. 46, 1513 (1991).

[5] J. Bridgewater, W. S. Foo, and D. J. Stephens, Powder
Technology 41, 147 (1985).

[6] P. K. Haff, J. Fluid Mech. 134,401 (1983).
[7] R. M. Nederman, R. U. Tuzun, S. B. Savage, and G. T.

Houlsby, Chern. Eng. Sci. 37, 1597 (1982).
[8] K. Wieghardt, Ann. Rev. Fluid Mech. 7, 89 (1975).
[9] A. Mehta, Physica A 86, 121 (1992).

[10] G. W. Baxter and R. P. Behringer, Phys. Rev. Lett. 62,
2825 (1989).

[11] L. D. Landau and I. M. Lifshits, Fluid Mechanics (Per
gamon, London, 1959).

[12] B. Bayly, in Complexity in Fluids, edited by L. Nadel and
D. Stein (Lectures in Complex Systems, SFI Studies in Sci
ences of Complexity Lectures Vol. III (Addison-Wesley,
Reading, MA, 1991).

[13] J. Zierep, Similarity Laws and Modeling (Marcel Dekker,
New York, 1971).

[14] C.-A. Coulomb, Memoires de Mathematiques et de Phy
sique Presentes al'Academie Royale des Sciences par Divers
Savants et Lus dans les Assembles (L'Imprimerie Royale,
Paris, 1773), p. 343.

[15] V. V. Sokolovskii, Statics of Granular Media (Pergamon,
London, 1965).

[16] A. Schofield and P. Wroth, Critical State Soil Mechanics
(McGraw-Hill, New York, 1968).

[17] R. A. Bagnold, Proc. R. Soc. London, Sera A 295, 219
(1966).

[18] R. Jackson, in Some Mathematical and Physical Aspects of
Continuum Models for the Motion of Granular Materials,
edited by R. E. Meyer (Academic, New York, 1983), p.
291.

[19] S. B. Savage, Flow of Granular Materials, edited by P.
Germain and D. Caillere (Elsevier, New York, 1989), p.
241.

[20] J. Rajchenbach, Phys. Rev. Lett. 65, 2221 (1990).
[21] E. Morales, J. Lomnitz-Adler, V. Romero-Rochin, R.

Chicharro-Serra, and R. Peralta-Fabi, Phys. Rev. E 47,
R2229 (1993).


