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ABRIL I'J')K

\\'L' study analytlcally the local slip planes in non cohesive granular Illedi;l within a ho\ \llhjcclcd In lJllil"orm rcctilinear acceleration. By

lIsing the phenorncnological Coulomb's mClhod of \•...edgcs \•...e fOlllld lhallhe angles 01"Ihe slip planes amllhe resulting average forces al Ihc
w;,1I are slrongly changed as a fUllclion (Ir the acceleralion's magnitudc uf the ~ysl\'lll. ('\'('11 il"il is so ~nl<lllsud thm Ihe shape of Ihe free
surface is mainlailK'd ullchangcd.

KI'."Il'onl.c Ciranular media. slip plancs

Estudiamos analíticamenle los planos locales de dcslizamienlo cn medios !!ranulados no cuhesi\'(ls dcnlro dc una caja sujela a aceleración
rcctilínea uniforme. Usando el método fenomenológico de curlas lk Cuulomh ('nconlf;Ullo\ que los ;íngulos tle los planos dc deslilamicnto y
la.•.fuerlas promedio resultanles en la pared varían en función oC' la magnitud de 1;1accler;¡ciün dd s¡...•lema. aun si ésta es tan pcqUCllaquc la
forma de la superficie lil1re no camhia.

Ik.\cril'fOI"l'.\: ~kdios granulado ...•.planos rJe deslizamiento

PACS: 46.10.+/.: 46.30.Nz

1. Illtrocillctioll

Cirallular media cOllltT1only ohey a very cOll1plex antl uniquc
hehavior which only recclltly has heell explored over a wide
rangc 01"geoJlll:tril'al ami dynamieal situatiolls 111. Dne ex-
ample conccrncd wilh (his hehavior is related to the stress
propagalioll wi,hin Ihe malerial in the so ealled slatic (01
quasislalic) n:gime 12-.oJ. In faet. on a ver)' slIlall spalial
scale, cotT1plex slress chains have hecn ohscr\'ed in confined
and lIneonlined samples of granular material, whieh allo\\'
the Iransmission 01' Ihe \\'cight ol' the grains along sclected
paths. These chains produce fractal spatial patterns oheying
\'ery slrong force l1uclUatiolls 17]. On lhe other hand. (al
larger scales) in contrast lo a liquid. Ihe pressure wilhin a
lall cllough hu\. lilled \\'ilh dry. non cohesive granular mate-
rial. does not ilH.:rease linearty \\'ith deplh. hut saturales al "
cerlain value [SI, In bolh exlreme cases. lhe lheorclical de-
scripliolls indced show tllal the role of frictioll and material 's
inholllogCl1L'ity seClllS to he very important.

When dry granular llIalerial is confined in shallow COll-
t:lincrs. the cvalualioll of the average force at a \vall is ;1

very imporlanl prohlelll. which (:an he sol ved using the pl1e:-
Ilolllenological Coulomb's lIlethod of\vedges 12J. i.1'. , by an-
alYl.ing ol1ly ti pan of the material (wedge) formed by Ihe

slip planes. Ihc free: surfal'e ami the l"ctaining \\'all (see Fig. 1).
The cOllcept 01' rigid-pbslic failurc assumes ma(eriallo hc di-
vitkd ilself inlO l\\'o rigid hlocKs separated hy a narrow plas-
lic /one, ThL~Si/L' 01' Ihe pl:lstic /olle is more or less len grain
dialllClCL\ whiclJ is ol"lell \'ery narrow compared with the typ-
¡cal dilllL'IlSiollS 01' the system. It is. Ihercforc, usually enough
lo assullIe Ihal IIlL'plaslil..: lolle is i.I planc 01"l1egligible width
amI. heing rercrl"l.'d lo as Ihe yield. or slip. or I"ailurc plane,

In order lo evaluate Ihe: local average force: al Ihe retain-
ing \\'all 01' a 110.\ ¡¡nd lhe possihk failurc planes wilhin Ihe
material. it \\'a.; nolcd hy Rankine I!JJ that two limiting cascs
can hc dislinguisht:d: In the tirsl case Ihe \vall is pushed under
lhe erfL'l't 01' 11lL'granular material self wcighl. Thc granular
lllediulll is Il1en in the so callel! active state (Fig. lb). In lhe
second case Ihc W¡¡JIcan he pushed fmm outside. cOlllpress-
i]Jg Ihe lllcdiulll. In this lalter case. grains (,'\en a passive n;-
sislann.' (Fig. le). Although this IIlcthod is not exacl 12]. il
gi\'es a good ljualitative approach to evaluate Ihe forces 011
Ih!..'\Valls. 11also pennits 10 ohlain Ihe geometry 01' Ihe possi-
hle I"ailures (slip planes) ami lo understand Ihe dependenee 01'
Ihe L'laslil' lilllit on lhe material and geotllctrical parallll..'ters,
TIlL' knO\vkdge 01' the average forces al the walls of conlain-
ers during Ihe Iransporlatioll of gr¡¡ins. may b!..'very lIscful.
fllr C.\íllllpk. flll"stnKluraJ designe!"s.
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FI(;I.IRE l. I.oc;d f:lilurcs of a retaining wall nt (he righ( edge {JI'a hox sul1jcl'tcd [() Ulllftll'tlllcclilillC:ll" ;lcce!t:.'I":ltion. 11-. In (a) we shO\v CISl'
hefnre Itll' wallllas hrokell. In (h) \Ve-shO\v the active st:lle aflel" lhc wal! ha.~ hl(l!-;CIl alJ(l in (e) we silo\\' lhe p:lssive slalc al"tt:r lile \Vall has
hrn!-;cll. Thc forces S', /" :lIld (1' 1/' ;¡lHllhe angles (/J amI (\ are tk'Jirll't! inlllc le\!.

2.1. AdiH.' stalt' ",ith SII1:1I1an:c!cralioll

(.1)
1 "'"- ¡("l.2

rOl' 111L'110ril.olllal alld vl'rtical Jircctions. rcspecti\'ely.
Illlroducing lhe llondilllCllsional variahles a ---jo 1/'/.tI*,

l' -+ /'"/1'"".1>"'. X -+ X'/I,',¡'I,''', and 1, -+ "'/1,', lhe
aht)\T c'lllali{lIls lakcs lhe 1l011c1imensional fonll

IHlIIIL'1l01l.\vhidl induces a change in the volulIle ami there-
fore a change in lhe bulk tlensity 01' Ihe malerial [:~, .11.

\Ve ¡'olio\\' closcly Ihe local phellOIllL'l1ological analysis 01
r-.:l'ddL'rtll;1Il1'01'1I1L'slatic prohlelll orthe retaining \\'alll:2l. in
on!er to study lhe aCli\"C slale dlle lo small acceleration with
no frcc surf:¡ce ddorlllalion. \\'hcl1 a ha.\.. tillcd up lo a hci~hl
fr \\ilh dr)' collL'sitlnkss granular matcriaL is 1I1()\'cd alul1g
Ihe htlriltllltal direclion \!"ilh an 1I1liforlll accclcratioll. o'. thc
inilially Ilal frcc surfacc is not L1cfonned if the acce!cratiun is
less Ihan .tI'/I. wherc /1 = lall Ó is thc frictioll coefllcie1l1 amI
.ti' is lhc gra\'ily accckratioll [101, In the aCli\'c slate (Fig.
l h) lhcrc are four rorcC.'i X' , JH. {r* al1L!p* (/. acli ng un Ihe
\\'ed~e nf heiglll j¡' and len~lh L'. hlllk densily JI'. and lIn-
~tl{l\Vll angle 01' lilt n. The force X' is lhe rcaclion force of
lhc major block dlle lo Ihe force applied hy Ihe wcdge. JI> is
Ihe l"e;IL'lion force 01"tlle wall tille lo the \Vcdge \vhicl1 fonus
an tingle 1,", rcsl)('ct lo Ihc horil.ontal, lF* is the \Vcight ofthe
\\'Cd~l' which is parallel lo lhe gravity accclcraliol1. and H-
Ilally /1'//' i:-;lile incnial force (per llnit \'olume), NOle Ihal
the lIlolioll 01' lhc cOlltainer is from leh to riglll allLllhercfore
lhe illl'nial force is aCling in Ihe Opposile dircclion, Hcre, ex-
pJicilly il \\'as supposed steady-state rnolioll and also lhe e.\.-
islence nf (a\'erage) slip planes, The force halance cquatioJls.
assllllling a \\"idlh'" ur Ihc \\'edge, are ~ivcn hy

The ohjective 01"Ihis papel' is to dcvelop an extenued vcr-
sion 01' lhe Coulomh's llH'thod of wedg:es which take~ illto
account the elTecl of the acceleration on Ihe slip planes (dl'-
narnical aspects), Here, \ve will assullle L1rygranular systellls
uJl(kr~oing small accclerations (relative to the gra\'ill' accel-
eratioll). in a sleadl'-state regime, such that the free surface
can not be tkforllled dlle lo the motion (lO). This extensiOll is
indced necess¡¡ry in order 10 e\'alllate how (he i1\'crage strcsses
are inflllcllt.:cti by Ihe acccleration proccss, This \\"ork is di-
\'idl'd into lhrl'l' parts. In SlIhsecl. 2.1 \\"e sho\\" an analysis
ur the halance uf forces. fOl"Ihe aClive stale and for small ac-
celeratiol1 cOlllpared wilh gravilY. In Suhsect. 2.2 \\'e discllss
lhe passi\"e slall'. aiso umkr small acceleralions, presenting
an analysis of lhe diffcrences of the averagc forces and Ihe
al1~les of slip hetween the active ami passive stales in slightly
aCL.elerated systellls. Finalll' in Secl. 3. \ve discllss Ihe limi-
talions 01' Ihe Illode!' presenting also the main conclusions 01'
lhis work.

2. Lucal slip plar1l's in a hux

In Illany cases. such as in soil Illechnnics [3.41, the 1I((t1tm!

stale for lhe granular medilll1\ is purely static. where Ihe COIll-
plete syslL'lllcan he assulllcd quiet or under constanl vclocily.
However. in order to lInderstand rhe dl'namic problclll indi-
caled in Fig. l. we sho\\' lhe two possihle idealized situatiolls
\\'hcre a fu 11,Y'rollgh vertical wall (so Ihal Olt' = o. \\'hefe
011' is the angle nf wall friclion and Ó is lhe angle nI' inler-
llal friclion) rclains granular malerial with a horizontal free
:-;urbcc suhjeclcd to a rcctiline~u acceleratioll. (/*. The right-
halld side wall supports a local load prnduced hy the mate-
rial lindel' rigid hody motion which can he calculated. as we
sho\\' lale!". using the Coulomb's method af wedges, As in Ihc
purcly sIal k c¡¡se, Ihe malerial in Ihe accelerated case will be
;lIso asslll1lcd lo slip in wedges wilh certain angle 01' slip or
failurc. In (he following sections we silow ho\\' this Illethod
can he modificd in order lo lake into accollnt the accelcra-
lion 01' lhe sl'stelll fOl"the active amI passivc statcs. As a ¡irst
appro.\imation, \\T do nol lake inlo account the dilatancy phe-
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whcn: lhe nonJimcnsional funClioll f(o:) has the rmm

cot (l (J ('01. n ('ot.( n - (j»)
((n) = -. . (4)
. t.allQ+cot(o-ó) t.anq+('ot.(n-c¡)

In 0["(.1\:1' lo calclllatc the maximulll vallle nI' the dimcn.
:-;ion1l'ss functioll. f(n), \Ve introduce in Eq. (4) the variahles
t = lalln <lnd 1/ = 1<l1lr;~.Rearranging tcrtllS Eq. (4) tral1s~
rOrlns to

Thereforc, Ihe maximum vallle 01' fU) = flllax(t"') nc-
curs fnr a vallle nr f = 1* givcl1 hy

This function determines the value 01"the angle n where the
force P ('os d) has a maximllm value anL! whcre shear or slip
must occur. The physical significance 01' lhe maximlllll nj
f(n) will he eX<1mined in this Suhsectioll.

. 1(1-"1')-("+/')
.f(t) = t (1 -JI") + 21"1' .

(5)

and

a + l'
t'" = ---+

1 - (JJI

J"/" + /,'(1 + ,,")+ 2,,/,' + /,"(,,"+ 1) + "1'
J'll'( 1 - "/')

(1+"1')"
(,,/,"+ 3/,2 + 3,,/, + 1) + 2/2J"I'" + (1 + ,,2) 1,1 + 211/1" + (112 + 1)/,2 + 11/"

(7)

Thc explicit dependence of fmax on Q, the angle 01' internal friclioll, is given Ihen by

(8)

finally, lhe normal stress, a, ami lhe corrcspollding shear
slress. T. are given hy

dPllli\x .a = --- (,()sQ = ItjlllflX'
Ji/¡

Thesc results can he applicd when the aspect ra-
lio, dcep/length, oí' the container is so small such that
dccp/length< t.an n, because in deep conlaincrs an exponcll-
lial saluralion ror the pressurc occurs which causes the nor-
mal alld shear slrcsses not lo he dependcnl 011 tbe dimCll-
sionlcss heighL h ¡S, 11]. The condition h* Id* » ] must
he mainlaincd, making the finitc sizc clTeets to be llcgligible.
Hcrc r/* is lhe typieal grain's diametcr.

In order to show graphically the inllucnce 01' the acceler-
alion on lhe averaged stresscs and on thc local angles of slip
planes, we !lave plotted f(n) in Fig. 2, 1'01'severa! values 01'
lhe dimcllsionless accclcration. Here, the active sIates corrc-
spond to the convcx curvcs (concave curves correspondillg lo
lhc passivc state \vill bc trcateJ in next Subseclion) ami Ihc

Thc limiting case ol" (l = O can he ohtained easi]y
E'Is. (7) and (8), prodllcing Lhe well known reslIh 121

1

(JI + 1" + /2/,)"
('OS2 1>

(1 + /2sin1>)'

T = rrtanr/J = ¡'jlImax.

rmm

('J)

(10)

JiU)
10

0.1

001

!llra"-I

f'H,lJRE 2. Semilog plOI of the function f as a funcliol1 01"Ihe
angle n ror six valucs 01"lhe dimcnsionlcss accc1cration. a. whcrc
(/ < 11 = 0.:,3. these s¡x valucs are a = O. o. L 0.2. 0.3. {J..!
alll! O.;;. l10tll ~lCtivc(COIlVCX curves) ami passive (concl\/c curves)
sial es were plllucl!. Upper curve. nf Ihe COllcave curves, corrc-
'oponds to lhe pas'oi\e slalC wilh (/ = O. Also. upper curve. 01' Ihe
convcx curves. cOlTesponl!s to Ihe active stalc in thc I¡mil (¡ = o.

pure!y slatic case (a = (J) is given by Ihe uppcr curve 01'
this fallli!y 01' curves. \Ve note tha! the physically signiflca-
live valucs corrcspond to thc pair (n*, .flll<J.X) ror each curve.
Thercfore. in lhe aClive state, we have that a smaller accel¥
eralioll cOITesponl!s to largcr slrcsses, ¡.C.. the normal slress
Ilecessary to produce an active failure \vhell the system is t1C-
cclcrated is smallcr Ihan thal in the case purcly static. In



A MEIJINA, c. TI{EVIr'.'o' Ai'<1J M. ¡\( ¡ÜERO

I 12

a'(rad.1

08

06

o,
02 - - - __

o~--o 2---0,~ - --0,;- -~.5
(/

(" ) (b)

rllil'l{l: .:;. (a) SClllil0t! plol 01' l!lc fUlK!ion, !rnax(rnm)' as a fUllclinn nI' IllL' dimcnsjOllrl' .•.• al"l'l'lcralíoll. Curve .• (__ ) COITl'''Ptlllds «1 lh\.'

al'ti\e st;llc. CUI"\CS(---) COfrl'sponds lo 111\.' passivc slalc. COlllinuou •• lim' is lhc ral;(1 /"",,/flll,'X' In (h) \\'l' .•llIJ\\'. ",ilh '>Imirar curvcs ;1S
in (;11. lile hchavior (Ir lile angle (Ir fraclure. o', ;llso as a rUllelillll orIlle dillll'nsionll's" accc!craliIJIl. Tlle he.'" Jil \\';IS plo!ted hJI" l';lCh GISl',

This funclioll rC;ldles a minimulll vallle al f = '* gi\'cn hy

\\'1..' ha\'c aIread)' mcntiolled thal lhe passive case (rig. le)
corresponds lo tlle Jllotioll 01' lhe matcrial Ilear lhe \vall, sudl
thal lhe wall can he pushed frolll olllside cOlllprcssing lhe
Illediulll, In Ihis case, in accordancc \\'ilh Fig. le, \\'c ollly
changc l!ll' sigll 01'O hy -(;J giving

inlroduce

Fig. 3:1 Ibis hcl1aviol" is c1carly showll. Finall)'. in Fig. 3h \Ve
sho\\' 1he hehavilH" lll"/ 1 * alS(1 as rUllcrion nI' (/. This plOI shows
that in Ihe aClivc state, lhe slip planes ha ve larger inclina-
lion I"espcet lo Ihe horiLlHltal lhall that ror Ihe slatic case. Al!
cases Ill.'rc plottcd \Verc ohlained asslIllling a maleriallike Ot-
la\\'a sand which is ;¡ material cOllllTlonly lIsed in cxpcrilllen-
lal lests, For lhis malerial 1I = O,;j3. <) = :28° and con se-
(juentl)', in all graphics (/ < O.r,:1,

The signilicancc 01" lhe maximulll can be visualiled by
plo!ling the fUllclion J(o) fOl"1I = constant (which corre-
SPllllds lo onl)' Olll' curvc), In (!lis casc ir Ihe laleral force
;(( ,hc \\'all. Ji, is slowly rcduccd such lha! Ji > Inl<\x' Il1ell
the Jirsl I"UpIUl'cplanc Ihal can hecome active is l!le olle al
J = J"I;'X' illclined lo l!le hori/(ltllal al lhe angle 11", Tl1e
Ialeral rorú' canllot rall helo\\' lhis valuc. Ir lhe lateral r(lrl'l'
c(luld hl' reduced to a \'aluc j¡ < Jmilx, Ihcre would he lw()
possihk l'upture plancs. hui <In)' altCmpl lo reduce lhe lotal
forcc \\'ill simply he matchcd hy acti\'ity 01' lhc \\'cakesl slip
\\'cdgc al 11 == (l

2.2. Passin' stah' ,,",ith smal! an'cit-ration

[

("010 {/('otnl'ot(n +0)]1(" I = ------- - ------- .
l"1l1(II+O)-I;IIl() l"()t(ll+o)~raIJo

Similarl)'. as in lhl' prcviolls Seclion, ir \\'e
f == I au () and 1I = t ;\JI o. 1:4. (11) Iransronns It)

. 1(1 + "1') - (" -1')
}(I) = (1') ')' .

f - 1'- - _'-1'

( 11I

( 12)

"-11 /-01/' + 1(1(1 + (1:2) - :2/1II:l + 1,2(112 + 1) -1/1'f' = + ~v~ ~ _
1 + "1' Jill( 1+ "1')

\\'hich gin's implicilly lhc \'alue 01' lhe anglc of slip. o., as a funclion of (a./J).

Thercfore. Jmill (1*) is l!len given oy

( 1.1)

Of

1m;" (1") = (1
(1-"11)'

- ;~olt + ')/12 - 0l,:l) + :!\!:IJ(l + (/:!) Ir~ + (o:! + 1)112 - 1111- 2UII:l - 011'':>
(1 ~)

(COS f) - f/ sill 0)2

(1 + 2 sin:! 9 - :lrl sin 9 ro,'" Q - ti Sill:l i,') ."'1'(' r,») + 2v:lVlI sin 0 (u Sill 9 - 1) + si1l2 Q

Hel'. ,He.\'. 1-'1.\'. -t-l (2) (It)l)X) 155-1(¡()
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I
(a) (h) (e) (<1)

FI(jURE 4. Local slip planes in the active st<lte fm Ollawa sílnd wilh (a) 1/ :::: O amI (h) (¡ :::: 0.:3. In (c) we show lhe slip planes ¡nlhe pa .•.sivc

s(:1Ic fOI" 11 :::: O and in (d) ror a ::::0.3. Duc "* is nrbitrary. in al! cases w(' ha\'(' il fami Iy of slip planes.

For {/ = O we casily ohtain the well known values 01' the
a\'erage slope f* amI the slip anglc. n * as

In Figs. 4c and 4d \Ve silo\\' the local slip planes in Ihe pas-
sive slate for similar valucs. respective!y. The inlluellee nI"
tlle al'Celeratioll onlhe slip planes is casily noled.

dfJlllin<T= ---cosó = hflllin, T = crtan</> = hpflllill' (IS)
,11,

In Fig. 2 we also llave plotted f as a function of n. Con.
cave curvcs corrcspon<.l lo cases with saine rangc of the di.
Illcllsi(lIlless acceleration. howe\'cr the physically imporlanl
\'alues correspond to the pair (n *. flllin)' Here. similar ar.
gUlllents than that gi\'cn ahovc ror Ihe physical siglliliealln.'
01' lhe maximum are valid in order to unllcrstand thc signiH-
canee of lhe minimum. In Fig. 3a and 3h we plottel! ¡mili and
(lo as a fUlletion 01" 11. respectively. In lhe passive stale thl'
slress decrcases (as a nonlinear funclion 01' a) if Ihe aecelcra~
lion increases. Thus. Ihe maxil11ul11 stress in lhe passivc stale
occurs when lhe systcm is in repose. Thc continuous line in
Fig. 3a shows that rOl"the passive slate, always lhe flllletioll
fmill overpass the value nI' fmólx ootained for the active state.
In Fig. 3b \Ve show thal n * • conversely to the active stale.
decreases when increases Ihe accelcralion. So, the slip planes
rOl"systcms under accclcralioll have a smaller slopc Ihan Ihal
ror thc slalic systcm.

For comparison. in Figs. -la and 4b we show the local slip
planes in Ihe active slale ror (1 = ()and (/ = 0.3. respeclively.

Thc normal ano shcar strcsses are. respectively.

(1 h)

and in Ihis Iimit

The rigiL! mol ion 01' non cohesive granular maller is a very
COlllmon situation in l1lany Icchnological areas. \Ve have
shmvn thal the aeceleration induces a non linear ehallgc in
the slip angle ami in the average stresses at the walls, even ir
Ihe shape 01' the free surface was mainlained unchanged. This
st;¡le Illay he reachcd if the nondimensional acceleralion has
vallles in the region () < (/ < 11. \Ve also \I,.'anl to note Ihat
lhe region net\\"cen Ihe vallles flliÍlI and flll<tx (Fig. 2). corre-
sponding to Ihe clastie fone nI' lile material (hccause nelwccn
hOlh limiting values lile material does nol yicld). clcarly is
stmngly dependenl 011 lile acceleration 01' the systclll. Olher-
\Vise. ir Ihe nondilllensional ae<.:eleralion overpass the value
of Ihe friction codlicient. JI. the shape 01' the free surface
changes \lO]. Ihe sludy 01' tlle slip planes in this Iast case is
more complcx lhan thal c01Tesponding 10 slllall acceleration
alld it \ViII he trealcd in a fulure work.

Finally. cohesive granular material s have. ohvioLlsly. frac-
tures: Ihe Iheoretieal (fealmenl frol11 a phel1ol11enologiL'al
poinl 01' "ie\\" ror these systellls lInder scveral condiliolls of
mol ion has been recel\ll y proposed {121. Howevcr. recent
studies 11:3] SIHl\\' l!lal IlHlrl' work is necessary in ordcr h)

1I1ldcrstand lhe very eomplcx pallcrns 01' fracture in lhese sys-
tCIl1Shecallse mOfe Ihan Ol1ly one slip or failure plane ShOllld
¡¡clually occur.

This work was suppor!ed hy CONACyT-l\léxico under Granl
1'\0. O-105P-ElJ506. C:r. also acknowledges CONACyT
Ihrough Ihe suppnr! of;¡ "Cátedra Pmrimo"ia/ Nivel!!" FcI-
lowship.

Aekno\\' Icdgmcn (s

J. Rcmarks amI conclllsions

( 17)
('OS2 c/J

= (1 - J2 sin ,,(

(
sec</> )

(l = aretan J2 - tan () .

1

(JI+? - J2¡Y
fmill =

J¡;T+1r = ---- - JI.J2

Re\~Ah.\. Fú. -u (2) (llJ9X) 155-160
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