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In this work we have analyzed experimentally the mass flow rate,ṁ, of the lateral outflow of cohesionless sand
beach and granulated sugar through circular orifices of diameterD and rectangular and triangular slots of hydrau-
lic diameter DH made in vertical walls of bins. Such experiments were also performed in order to determine the
influence of the wall thickness of the bin,w. Geometrical and physical arguments are given to get a general cor-
relation forṁ, embracing both quantities, D (or DH) andw. The angle of repose is also an important factor charac-
terizing these gravity flows.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

The discharge of non cohesive granular materials, from the bottom
exits of silos and bins, due to gravity action alone, is a very interesting
phenomenon that involves dynamical events as jamming [1], density
fluctuations [2] and industrial controlled flows such as dosage of
powders and granules [3], among others.

The fundamental study of the law that obeys the mass flow rate of
grains,ṁ, owed to Hagen [4] who, by 1852, performed experiments
with sand and he found that ṁ∼ρg1=2D5=2, where ρ is the bulk density,
g is the acceleration due to gravity, and D is the diameter of the circular
orifice. Thus, the level of filling is not important. This result contrasts
with the one occurring in liquids where the mass flow rate depends
essentially on the level of filling above the discharge orifice. Actually,
in specialized literature other correlations for discharge rates from
silos with small openings [5] and hoppers filled with fine and coarse
non-cohesive granular materials [6] have been reported.

Moreover, in their seminal paper on the flow of granular solids
through circular orifices and slots Beverloo, Leniger and van de Velde
[7] have reported other correlations forṁ. Despite that, they found that
themost suitable correlation to predict themass flow rates frombottom
exits in open-top bins, silos andhoppers is the so calledHagen–Beverloo
correlation [7], which has the form ṁ∼ρg1=2 D−kdg

� �5=2 where dg is
the mean diameter of the grain and k is a dimensionless constant
with typical values k ~ 1–2 [8]. Hence, if D/dg ≫ 1 the Hagen formu-
la predicts the discharge rates pretty well.

A very important observation is that several authors studied the
discharge rates through slots with triangular and rectangular cross-
sections [7,9]. In such case the correlation that best fits the experi-
mental data has the form ṁ∼ρg1=2 DH−kdg

� �5=2 where DH is the hy-
draulic diameter (DH = four times the area of the aperture divided
by the perimeter) [7]; the concept of hydraulic diameter has been
inherited from fluid mechanics [10].

Despite the enormous utility of Hagen's law (or its generalization,
the Hagen–Beverloo law), only a few studies have been conducted
to test its validity in the discharge of grains through orifices in the
vertical walls of bins [11–17]. The aim of this work is to study exper-
imentally the discharge rates of granular solids through vertical
walls of open-top bins for different orifice sizes, D, different cross-
sections of orifices and several wall thicknesses, w. As it will be
seen later, the thickness of the wall can be used to control the dis-
charge rate and even the granular flow can be arrested if w exceeds
a critical value that depends also on the angle of repose of the gran-
ular material. Consequently, the termwall thicknesswill be used here
assuming that the conditionw/dg ≫ 1 is fulfilled, i.e., when the aver-
age grain size is very small in comparison with w and, at the same
time, the angle of repose (the steepest angle of descent of the slope
relative to the horizontal plane when material on the slope face is
on the verge of sliding) is well defined.

The plan of this work is as follows. Firstly, in the next section we
review experimental studies of the mass flow rate from orifices in
lateral walls of bins. Then, in Section 3, we report experiments of dis-
charge rates from bottom and lateral exit holes, where the influence
of D, DH andw is examined. Thenwe propose, on the basis of our exper-
imental results, a correlation that embraces both changes in D (or DH)
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and w, in the case of lateral holes, and finally, in Section 4, we give the
main conclusions of the study here tackled.

2. Background

To the best of our knowledge, Bagrintsev and Koshkovskii [11] were
the first researchers who studied experimentally the problem of the
gravity driven lateral outflow of granular material in cylindrical bins
with vertical walls. They used oval and circular exit holesmade in trans-
parent plastic walls, and observed that “the outflow capacity decreases
as wall thickness increases”. Later on, experiments in silos with rectan-
gular exit holes [12–14] and circular exit holes [13,15,16]were reported.
In summary, these and other authors found that ṁ∼ρg1=2Dn , with
n = 3.4 [11], 3.3 [15,16], 2.6 b n b 3 [13] and 2.5 [12,17]. It is important
to note that in some studies [11–13],D is essentially the hydraulic diam-
eter. Nevertheless, none of the referred works have analyzed systemat-
ically the effect of the wall thickness on ṁ.

3. Experiments

3.1. Bottom holes

In the presentwork, the simultaneous effects of thewall thicknessw
and the orifice diameterD on themass flow rateṁare examined. At a first
glance it is easy to conclude that if the vertical wall is very thick, there
will be no efflux of granular material.

On the other hand it is well known that for granular solids the
wall thickness does not affect substantially the value of ṁ0 , the
mass flow rate when the exit hole is located at the bottom of a silo
(the opposite is common for porous aeratable powders, where aera-
tion develops flow-obstructions near the exit holes [18,19]). In a first
instance, we did experiments to measure ṁ0 with sand beach (com-
posed of irregular grains of mean diameter dg = 0.03 cm, bulk den-
sity ρ = 1.5 ± 0.01 g/cm3 and angle of repose θr = 33° ± 0.5° =
0.57 ± 0.008 rad; incidentally, Hagen [4] reported the same value
for the bulk density) and granulated sugar (composed of grains of
crystal-like shapes of mean diameter dg = 0.073 cm, bulk density
ρ = 0.84 ± 0.01 g/cm3 and angle of repose θr = 33.5° ± 0.5° =
0.58 ± 0.008 rad; more mechanical properties could be found, for
instance, in [20]) that crosses through circular orifices of diameters
D = 0.6, 0.7, 0.8 and 1 cm and rectangular and triangular slots in
an acrylic-made box with a thin wall and a thick wall. Dry sand and
granulated sugar are familiar examples of free-flowing bulk solids
and this was the main reason to use these materials in our work.
The section of the laboratory in which the experiments were done

was climate controlled (25 ± 1 °C and 45 ± 10% R.H.). Themoisture
contents of sand and granulated sugar samples were 0.50 ± 0.06%
and 0.015 ± 0.005% w.b., respectively.

In Fig. 1 we show pictures of the samples of sand (Fig. 1(a)) and
granulated sugar (Fig. 1(b)) used in our experiments. Pictures were
obtained using a Steindorff digital microscope and the correspond-
ing particle size distributions (Fig. 2) were determined using themicro-
scope softwarewhich allowed us tofind the surface area of each particle
and its surface diameter. This method yields the average (median) par-
ticle sizes which were 0.03 cm for sand and 0.073 cm for sugar.

Experimentsweremade upon a transparent box, 10 × 10 cm2 inner
cross-section and 50 cm height. In experiments with bottom exits we
have used sand and granulated sugar in bins with several bottom wall
thicknesses w = 0.3 cm and w = 0.9 cm. Details of the measurement
procedure of the discharge rates are given afterwards. In Fig. 3 we
show the experimental plots of ṁ0, as a function of ρg1/2D5/2, for
both materials. In this figure we observe that both cases fit very
well the Hagen's law (straight lines), and thus the effect of w is not
observed. Hence, the relation that fits the experimental data has
the form

ṁ0 ¼ aρg1=2D5=2
; ð1Þ

where the dimensionless discharge coefficient has the value a = 0.48
for sand and a = 0.46 for sugar. Here it is important to comment that
it has been reported that amay be dependent on the coefficient of fric-
tion of the granular material, μ [5,21], on the geometrical characteristics
of the silo [5,21], on the grain shapes [22] and on the orifice shape [13].
So far, a may be different for different materials.

In a second series of experiments we have made measurements of
the discharge rates of sand and sugar across four horizontal slots with
cross-sections having equilateral triangular shapes with lengths l = 1,
1.5, 2 and 2.5 cm, respectively. The hydraulic diameters of these slots
were computed by using the relation DH ¼ l=

ffiffiffi
3

p
[7,10]. Similarly, four

slots with rectangular shapes were made, e = 1 cm width and
f = 1.5, 2, 2.5 and 3 cm heights, in these cases DH = 2(ef)/(e + f).
All these slots were made on the bin walls with a thickness of 1.2
and 1.8 cm, respectively. In Fig. 4 we show plots of the mass flow
rates for both types of slots, as a function of ρg1/2DH

5/2. It is easily ap-
preciated that the best fit obeys the relation

ṁ0 ¼ aHρg
1=2D5=2

H ; ð2Þ

where for binsfilledwith sand and slotswith rectangular cross-sections
the slope yields aH = 0.89 and for triangular cross-sections the slope is

Fig. 1. Micrographs of the particle shapes of samples of sand (a) and granulated sugar (b) used in our experiments. Distance among numbers is 1 mm.
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aH = 0.98. Similarly, for bins filledwith granulated sugar aH = 0.84, for
rectangles, and aH = 0.96 for triangles. Differences among the values of
the discharge coefficients for different shapes of orifices were reported
also elsewhere [13].

Thus, in both cases the Hagen law is valid and the correlations (1)
and (2) will be very useful to reach a general law of the discharge
rates across lateral exit holes.

3.2. Lateral holes

3.2.1. Circular orifices
In Fig. 5(a) the positions of the staggered circular orifices of different

diameter D are sketched. There, orifices were made at the middle of
each wall. Diameters of the exit holes were: D = 0.6 cm at a height
H = 5 cm from the bottom, D = 0.7 cm at H = 15 cm, D = 0.8 cm
at H = 25 cm, and D = 1.0 at H = 35 cm. The circular orifices were
made on each wall of the bin; in these experiments four different wall
thicknesses were used: w = 0.3, 0.4, 0.6 and 0.9 cm. In Fig. 5(b) we
show a top view of the bin with the four different wall thicknesses.
Thus, an exit hole of a given diameter is at the same height H on each
wall, but each wall has a different thickness.

The experimental procedure employed to get the mass flow rates
was the following: a reservoir attached to a force sensor model Pasco
CI-6537 with a resolution of 0.03 N was located close to the hole and

data of weights produced during the discharge of grains were acquired
each 0.1 s for a given hole on each wall, i.e., in each experimental run
only one orifice was opened.

To understand our measurement procedure it is crucial to quanti-
fy the involved forces in the fall of grains. In quantitative terms, sup-
pose that the sand (or sugar) is dropping at a steady rate of ṁg/s and
that it takes t1 s for the particles to hit the reservoir. The velocity of
grains hitting the compartment would be essentially v = gt (in the
simplest case we have neglected the initial velocity of grains just at
the exit of the hole). In an infinitesimal time, dt, the change in mo-
mentum experienced by the reservoir would be vṁdt, so that the im-
pulsive force (weight, W) experienced by the reservoir would be
W ¼ vṁdt=dt ¼ ṁv ¼ ṁgt. This force corresponds to a linear increase
in the weight in the reservoir during a time of measurement tm, lon-
ger than t1. Finally, we can get ṁ¼ dW=dtð Þ=g. Actually, ṁ is near a
constant and the time-average of ṁ is the quantity that we report
as the mass flow rate. For example, the mean value of this quantity
was computed from ten independent measurements for each couple
of values (D,w). It is important to comment that no dependence on
the level of filling of the silos was detected in our mass flow rate
measurements.

As it was mentioned in the background, the wall thickness affects
the outflow, i.e.,w also modulatesṁ. In Fig. 6 we give snapshots showing
the outflows through a thin (left-hand side) and a thick (right-hand

Fig. 2. Plot of the cumulative percentage under- and over-size. The average diameter is given by the median (vertical straight line). The average diameter of the grains of sand is 0.03 cm
and of granulated sugar is 0.073 cm.

Fig. 3.Mass flow rate through horizontal circular orifices drilled in acrylic plates of thick-
ness w = 0.3 cm and w = 0.9 cm,ṁ0, as a function of ρg1/2D5/2. Data fit the Hagen's law,
Eq. (1), with a = 0.48 for sand (solid line) and a = 0.46 for granulated sugar (dashed
line). Error bars are of 4%.

Fig. 4. Plots of themass flow rate through horizontal slots,ṁ0, as a function of ρg1/2DH
5/2. For

sand and sugar thedatafit theHagen's lawṁ0 ¼ aHρg1=2D
5=2
H verywell. For sand: aH = 0.89

for rectangular cross-sections and aH = 0.98 for triangular cross-sections. For sugar:
aH = 0.84 for rectangular cross-sections and aH = 0.96 for triangular cross-sections.
Error bars are of 4%.
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side) wall, respectively. There, it is appreciated through the transparent
acrylic, that both granular flows make always approximately the same
angle with respect to the horizontal. It has different effects on the out-
flow because in a thin wall the flow is strongest than in a thick one.
These results allow us to propose the next model. In Fig. 7, we depict
the lateral view of a region close to an orifice of size D on a vertical
wall of a bin when several cases occur. In Fig. 7(c) it is more evident
that there is always a natural angle of wall, α, which can be defined as
α = arctan(D/w). Meanwhile, in this same figure it is observed that if
there is no flow due to the wall thickness being wide enough, the gran-
ularmaterialmaintained therewill attain its angle of repose, θr. Thus, an
outflow is kept as long as α N θr (see Fig. 7(a) and (b)) and conversely
the outflow should be arrested if θr N α. Consequently, the mass flow
rate itself must be proportional to (α − θr).

Another important feature to get a general relation for ṁ is that the
mass flow rate through vertical holes is a fraction of ṁ0 (the mass flow
rate through bottom holes) [12,13,17,23]. Consequently, the mass flow
rate dependence on D and w would be a relation of the form

ṁ¼ cṁ0 arc tan
D
w

� �
−θr

� �
; ð3Þ

where c is the corresponding dimensionless discharge coefficient for
vertical holes [17]. Notice that now c must depend also on μw, the wall
friction coefficient, due to the strong interaction among the grains and
the inner wall of the bin.

In order to show if Eq. (3) is a correct correlation, for circular orifices,
we again performed experiments with sand beach and granulated
sugar. In the current experiments we found that the wall friction coeffi-
cient among granulated sugar and acrylic was μw = 0.70 ± 0.01 and
among sand beach and acrylic it was μw = 0.80 ± 0.01. In Fig. 8 we
show the plots of ṁ as a function of ṁ0 α−θrð Þ , where ṁ0 obeys
Eq. (1). Here, we used the experimentally measured angles of repose
of sand and sugar given in Section 3.1. We measured such angles by
using the circular heap method [8].

From plot in Fig. 8 we observe that different sets of data fit very
well with straight lines. In our experiments with sand the value of c
was c = 0.23 and for sugar c = 0.26. As in the case of the Hagen's
law, these coefficients are different among them because they in-
volve different granular materials and different wall friction
coefficients.

Giving all these results, we can conclude that Eq. (3) is a good cor-
relation that fits experimental data verywell. Moreover, the previous
results give us the confidence to explore other important conse-
quences of Eq. (3). The first one is that Eq. (3) allows us to determine
the critical value,wc, for which the outflowwill be arrested, i.e., there
is no flow at all when ṁ0 α−θrð Þ ¼ 0 or if α = θr. Thus, the critical
value of w for the arrest, as a function of D and θr, is

wc ¼
D

tanθr
: ð4Þ

By employing the several values of D used in the experiments
with sand and sugar and using their respective angles of repose, we
have verified that this relation predicts very accurately the thick-
nesses of the walls for which the outflow will be arrested.

A second consequence takes into account that ṁ0 ¼ aρg1=2D5=2, and
by using it in Eq. (3), we have found that

ṁ¼ c′ρg1=2D5=2 arc tan
D
w

� �
−θr

� �
; ð5Þ

where the dimensionless parameter c′ is c′ = ac. The use of the respec-
tive coefficients yields that c′ = 0.11 for sand and c′ = 0.12 for sugar.
Eq. (5) is the most explicit formula of the mass flow rate with simulta-
neous dependence on D and w. An expansion in series of (D / w) b 1
transforms Eq. (5) into

ṁ¼ c′ρg1=2
1
w
D7=2−θrD

5=2 þ O D11=2
=w3

	 
� �
: ð6Þ

In Eq. (6) the term proportional to D7/2 will be dominant if the
wall thickness satisfies that (D / θr) N w, this last condition is com-
monly fulfilled when the wall thickness is small with respect to the
hole diameter. Due to it, experiments of Bagrintsev and Koshkovskii
[11] and Kesava Rao [15,16], where very thin walls were used, have
shown that apparently the best correlation among ṁ and D takes
the form ṁ ¼ c′ρg1=2D7=2=w.

3.3. Rectangular and triangular slots

Here,we report experimentswith sand and sugar crossing rectangu-
lar and triangular slots on the vertical walls of bins under the aforemen-
tioned conditions. Applying a similar analysis as above, in Fig. 9 plots of
themeasuredmass flow rates, as a function of ṁ0 α−θrð Þ, are shown for
vertical slots. Now ṁ0 is given by Eq. (2). For rectangular slots, the angle
of wall here is given by α = arctan(f / n) and for triangular slots
α = arctan(h / w), where the height of an equilateral triangle, h,

Fig. 5.Depict of the bin used in experiments with lateral circular orifices. (a) Schematic of
the bin where the staggered exit holes are shown. Orifices of equal diameter are at the
same height. (b) Top view of the silo showing the four different wall thicknesses.

Fig. 6. Snapshots of the region close to the exit hole: (a) thin wall; (b) thick wall.

273A. Medina et al. / Powder Technology 253 (2014) 270–275



Author's personal copy

of length l, is h =
ffiffiffi
3

p
l=2. Experiments with both materials yield

data that fit relations of the form

ṁ¼ cṁ0 α−θr½ �; ð7Þ

where for rectangular slots c = 0.30, and for triangular slots
c = 0.20, in the case of sand. For sugar, we found that c = 0.29,
for rectangles, and c = 0.19, for triangles. For slots, the explicit
dependence ofṁon DH is given by

ṁ¼ c′ρg1=2D5=2
H α−θr½ �; ð8Þ

whence c′ is now c′ = aHc. From experiments with sand c′ = 0.27, for
rectangular slots, and c′ = 0.20, for triangular slots. For sugar c′ = 0.24,
for rectangular slots, and c′ = 0.18, for triangular slots.

Finally, the corresponding formulas to quantify the critical thickness
to arrest the granular flow are: wc = f / tanθr for rectangular slots and
wc = h / tanθr for triangular slots. It means that the effective hydraulic
diameters for slots will not be involved in the estimation of wc.

4. Conclusions

In this work we studied experimentally the problems of the mass
flow rate of granular material through circular orifices and rectangu-
lar and triangular slots on vertical walls of bins as a small step toward

understanding grains flowability. Specifically, we have studied, si-
multaneously, the dependence ofṁon the diameter of the orifice
and the wall thickness by using well characterized sand beach and
granulated sugar. To our knowledge, this is the first time that a sys-
tematic experimental and theoretical study of the effect of the wall
thickness on themass flow rate has been done. Our experiments per-
formed with sand beach and granulated sugar show that Eqs. (3) and
(7) describe very well the influence of w and D (or DH) on the mass
flow rate of grains crossing circular orifices and rectangular and tri-
angular slots, and they can be considered as general formulas includ-
ing the dependence on both quantities. In such equations the angle
of wall and the angle of repose are fundamental to describe the oc-
currence of the outflow of grains and its arrest. Moreover, when
the wall thickness is small with respect to the orifice diameters, the
explicit dependence on D yields that essentially ṁ∼D7=2; close results
were previously reported in some experiments of vertical orifices
[11,15,16] but our result is obtained directly from our current
model. For slots in bins with very thin wallsṁdepends on the geomet-
rical parameters in a slightly more complex way than the simple one
given in the context of circular orifices.

Some studies have shown that the discharge rates from bottom exits
decrease with the increase in particle size [7]. In such a case, instead of
the term D5/2 in Eq. (1), it was introduced the annular zone effect
through the term (D − kdg)5/2 ((DH − kdg)5/2 for slots) where k is a

Fig. 7. Schematic lateral view of the exit hole in a vertical bin when granular material crosses it. In panel a the wall thickness is close to zero, consequently, α → π / 2 and the granular
material in the dark-gray zone, characterized by the angle π / 2 − θr will cross the orifice meanwhile the granular material located at the light-gray zone will be maintained therein. In
panel b thewall thickness yields the geometric condition α N θr and the granular outflow occurs in the dark-gray zone which is proportional to (α − θr). Finally, in panel c the wall thick-
ness produces the condition α b θr, whence there is no flow. The granular flow is arrested in such a form that the slope of the granular material in the exit hole is featured by the angle of
repose.

Fig. 8. Plot of the mass flow rate through circular holes on side walls,ṁ, as a function of ṁ0

[α − θr]. ṁ0 was taken from plot of Fig. 3. Solid symbols are for sand and open symbols are
for sugar. Data fit accurately Eq. (3) with c = 0.23 for sand and c = 0.26 for sugar. Error
bars are 4%.

Fig. 9. Plot of the mass flow rate through triangular and rectangular orifices on side
walls, ṁ, as of function of ṁ0 α−θr½ �. ṁ0 was taken from plot of Fig. 4. Solid symbols are
for sand and open symbols are for sugar. Fits yield, for rectangular slots c = 0.30, and
for triangular slots c = 0.20, in the case of sand. For sugar, we found that c = 0.29, for
rectangles, and c = 0.19, for triangles. Error bars are 4%.
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dimensionless constant); however, the use of this type of correlation for
vertical orifices requires the performance of more studies in order to
have a general formula valid in a wide range of practical configurations.
Work along these lines is now in progress.

Some results of the current study could be of importance in the
aeration of coarse grains in bins because in this case air flows easily
through voids among grains. Efficient processes of aeration involve
high permeabilities [19] and several staggered orifices along the
vertical wall of the bin itself [24–26]. Finally, in a similar context,
the Agricultural and Food Engineering Technologies Service (AGST)
of the Food and Agriculture Organization of the United Nations, in a
recent document [27], has reported the use of the household metal
silos, with lateral exit holes, as a key post-harvest technology in the
fight against hunger and for food security. It is clear that our mass
flow rate formulas are also useful to estimate the mass flow rate in
these type of systems.
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